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ABSTRACT 
 
Truck weight data have been valuable for bridge and 
pavement design. However, the traditional ways to 
acquire that are expensive and subject to bias, and 
this has led to the development of Weigh-in-Motion 
(WIM) techniques. Most of the existing systems have 
been developed to measure only the static axle loads. 
These all prompt the need to develop a system to 
measure the dynamic interactive forces using an 
unbiased random sample of vehicles. This paper aims 
to introduce two methods of force identification from 
bridge responses. The first method is based on a 
closed form solution to identify moving constant loads, 
which can be applied to obtain equivalent static axle 
weights as other traditional WIM techniques. The 
second method is an advancement of the first and can 
be used to identify moving time-varying forces. A 
bridge-vehicle system is developed to simulate the 
interactive force and the corresponding bridge 
responses. The generated responses are then used to 
identify the interactive forces based on the above 
mentioned methods. The identified forces are 
compared with the simulated interactive forces. The 
applicability of the methods and their sensitivity 
towards noise will also be discussed. 
 
 
NOMENCLATURE 
 
.  first time derivative, i.e. velocity 
..  second time derivative, i.e. acceleration 
c  speed of the moving load 
C  viscous damping ratio 
Cv  axle viscous damping ratio 
[C]  damping matrix of the bridge-vehicle system 
E  Young‘s modulus 
EP  error level 
I  Second moment of area 
J  radius of gyration of the vehicle model 
Kv  axle stiffness 
[K]  stiffness matrix of the bridge-vehicle system 
la  half of the vehicle axle spacing 
L  span length 
M  bending moment 
MV  mass of the vehicle model 
[M]  mass matrix of the bridge-vehicle system 
P   moving load 
ri  road surface roughness under ith axle 
[R]  force matrix of the bridge-vehicle system 
v   beam deflections 
V  modal displacements 
Wi  weight of ith axle 
$xk   distance between the kth and 1st loads 
y  vertical displacement of the vehicle model 
yi  ith axle vertical displacement 
Y  vector containing vertical y and θ  
δ ( )x  the Dirac function. 
μ   mass per unit length 
θ  angular rotation of the vehicle model 
ω ( )j   angular frequency at j th mode 
ζ ( )j   angular damping ratio at j th mode 
 
 
 
INTRODUCTION 
 
Vehicle weight data have been valuable for bridge 
engineering. However, the traditional ways to acquire 
that is expensive and subject to bias. These have led to 
the development of Weigh-In-Motion (WIM) techniques. 
Most of the existing systems have been developed to 
measure only the static axle loads. Other systems use 
instrumented vehicles to measure dynamic wheel 
loads but are subject to bias. These all prompt the 
need to develop a system to measure the dynamic 
interactive force using an unbiased random sample of 
vehicles. 
O‘Connor and Chan[1] models a bridge as an assembly 
of lumped masses interconnected by massless elastic 
beam elements to interpret such bridge-vehicle 
interactive force which is a set of time-varying moving 
loads. Law , Chan and Zeng develop two moving force 
identification methods in time domain[2] and frequency 
domain[3] respectively based on system identification 
techniques.  
 
In this paper, the Euler’s beam equation is used to 
determine the equivalent static axle loads of a vehicle 
moving on a bridge in a closed form solution. The set 
of equations can also be solved numerically to obtain 
the dynamic interactive force. 
 
 
METHOD OF MOVING FORCE IDENTIFICATION 
 
Referring to Figure 1, consider a load P moving at a 
speed c on a simply supported bridge with a span 
length L, constant stiffness EI, constant mass per unit 
length μ and viscous damping ratio C.  
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Figure 1 Moving Load on an Euler‘s Beam 
 
 
By modelling the bridge as an Euler‘s beam, Fryba[4] 
set up a differential equation for the deflection curve of 
the beam: 
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where v(x,t) is the beam deflection at point x and time t 
and δ ( )x is the Dirac function. 
 
If the ith-mode shape function of the beam is sin i x
L
π , 
then the solution of Equation (1) takes the form 
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where ( ) ( )V t ii , , ,=1 2 L  are the modal displacements. 
 
After substituting Equation (2)  into Equation (1), each 
term of Equation (1) will be multiplied by the mode 
shape function sin( / )j x Lπ . The resultant equation 
will then be integrated with respect to x between 0 and 
L. Using the boundary conditions and the properties of  
the Dirac function, it gives the following equation: 
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where j = 1,2, ... and   
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at the j-th mode. 
 
If there are more than one moving loads on the beam, 
Equation (3) can be written as 
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          (6) 
 
in which $xk  is the distance between the k-th load and 
the first load and $x1 0= . 
 
The modal displacements can be obtained by solving 
Equation (6). Then the displacements and 
accelerations on the beam at x x x xl= 1 2, , ,L  can be 
calculated by using Equation (2). Similarly, using the 
relationship  
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the bending moments at the corresponding locations 
can also be determined. 
 
If P1, P2, ..., Pk are constants moving loads, ignoring 
the effect of damping, the closed form solution[5]  of 
Equation (1) is given as: 
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in which  α πω=
c
L j( )
. 
 
 
Therefore if the displacements of the beam at 
x x xl1 2, , ,L  caused by a set of constant moving loads 
are known, the magnitude of each moving load can be 
obtained by the following equation. 
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in which  
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If l k≥ , that means the number of response stations 
is larger than or equal to the number of axle loads, 
then according to the least square method 
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Similar equation can be obtained for using bending 
moments instead of displacements as the bridge 
responses, by considering the closed form solution in 
term of bending moments. 
 
It is noted that if the set of moving loads consists of 
time-varying loads, the method can still be applied to 
determine their static equivalent values as other 
traditional weigh-in-motion methods. 
 
The above mentioned method can also be applied to 
identify moving time-varying axle loads.  At first, the 
bridge responses at various locations, such as vertical 
displacements or bending moments, are transformed 
to modal displacements. Then the central difference 
method is used to numerically differentiate the modal 
displacements to obtain the corresponding modal 
velocities and modal accelerations. Then Equation (6) 
becomes a set of linear equations in which the values 
of the axle load at that instant, i.e. P1, P2, ..., Pk, can 
be solved by the least square method.  
 
 
INTERACTIVE FORCE OF A BRIDGE-VEHICLE 
SYSTEM 
 
A two-axle vehicle model is developed to generate the 
theoretical responses and the corresponding 
interactive moving force. The theoretical responses 
could then be used as the input data for the method 
described above to identify the interactive force. The 
identified interactive moving force can then be 
compared with the interactive force from the two-axle 
vehicle model and this can be served as a check of the 
accuracy of identification. 
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Figure 2 A simple Two-Axle Vehicle Model 
 
 
Consider a simple two-axle vehicle model as shown in 
Figure 2. The vehicle is symmetrical about its centre 
line with mass Mv. The equations of motion of the 
vehicle would be expressed as Equations (13) and (14) 
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where yi, and ri are the ith axle vertical displacement 
and road surface roughness under the ith axle 
respectively, K and C are the spring stiffness and 
damping ratio of the axles, J is the radius of gyration 
of the vehicle, 2la is the axle spacing and vi is the 
vertical displacement of the bridge under the ith axle. 
 
Now considering the relative displacement and relative 
velocity of each axle, the interactive force at the ith 
axle can be expressed as follows: 
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where Wi  (i = 1,2) are the axle weights of the vehicle. 
 
Substituting Equation (15) into Equation (6), the 
coupled vibration equation of the vehicle-bridge system 
is expressed as follows: 
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where [M], [K], [C], and [R] are the corresponding mass, 
damping, stiffness and force matrices of the bridge-
vehicle system. 
 
Equation (16) can be solved by any direct integration 
method. The displacements, accelerations and bending 
moments of the bridge at various locations can then be 
derived from the modal displacements, velocities and 
accelerations obtained. 
 
A computer program CARBEAM was developed for the 
above mentioned two-axle vehicle model. The case with 
two constant loads running across a beam at constant 
velocity was compared with the closed form solution 
given by Equation (9) and it was found that the two 
sets of results were identical.  
 
 
 
EXAMPLE OF A BRIDGE-VEHICLE SYSTEM 
 
Figures 3 to 6 show the dynamic response given by the 
program CARBEAM for the case when a two-axle 
vehicle proceeds at 20m/s across a bridge with a span 
of 27.375-m. The quantities used in the calculation 
are: 
 
Bridge:   EI = 26581MN.m2 
   μ = 6067 kg/m 
   L = 27.375m  
   Number of modes  : 3 
   Number of Locations : 7 
Vehicle:  Kv = 128.5 kN/m 
   Cv = 998.65 N/m.s 
   Mv = 8613.5 kg 
   J = 11484.67 kg.m2 
   c = 20 m/s 
Time Step:  0.005 s 
 
The data above were chosen with reference to the 
practical ranges of bridge and vehicle parameters as 
defined by Chan and Chan(6). Figures 3 and 4 show 
the responses of acceleration at mid- and three-
quarter-spans respectively. Figures 5 and 6 show the 
time histories of the displacements and bending 
moments respectively at seven locations. 
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Figure 3 Acceleration at Mid-Span 
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Figure 4 Acceleration at 3/4-Span 
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Figure 5 Time History of Displacement 
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Figure 6 Time History of Bending Moment
METHOD VALIDATION 
 
A computer program LOADID was written to identify 
the interactive force of the bridge-vehicle system using 
the corresponding responses, e.g. bending moments or 
displacements, as generated from the CARBEAM 
program. Then the interactive force from CARBEAM 
could be compared with the identified interactive force 
from LOADID. The bridge responses acquired in field 
usually contain noise. Therefore in order to simulate 
the real case, white noise was added to the calculated 
responses to simulate the polluted measurements. 
Datainput = Datagenerated ( 1 + Ep × Noise )  
 (17) 
 
where Ep is a specified error level; Noise is a standard 
normal distribution random data with zero mean value 
and unity standard deviation. 
 
When Ep = 0, i.e. where no noises are added into the 
generated responses, accurate results are obtained. 
This means the proposed method is correct. However 
when Ep = 1, filtering scheme of the polluted data has 
to be included in the identified procedures. Low pass 
filter with 10% width of original frequency band is 
used for the filtering of the polluted data. Figures 7 
and 8 show the results of the identified interactive 
force (dash lines) using bending moment as the input 
responses for the first and second axles compared with 
the corresponding interactive force (solid lines) 
generated from the bridge-vehicle system described in 
the Example. Results of identification using bending 
moment are much better than that using 
displacement. 
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Figure 7 Interactive Force for 1 st  Axle 
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Figure 8 Interactive Force for 2nd Axle 
Equations (7) and (8) are used to generate the 
corresponding (rebuilt)  bending moment caused by 
the identified force. Figure 9 shows the rebuilt mid-
span bending moment compared with the original 
bending moment from CARBEAM. It can be seen that 
the two sets of bending moment agree quite well 
indicating the accurate identification of the interactive 
force using the proposed method. 
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Figure 9 Rebuilt and Original mid-span BM  
 
 
Conclusions 
 
A method to identify constant/equivalent static and 
time-varying axle loads using bridge responses is 
proposed. A bridge-vehicle system is developed to 
generate the bridge responses and the corresponding 
interactive force. The study suggests the following 
conclusion: 
 
(1) It is feasible to use bridge responses to identify 
moving constant/equivalent static or time-
varying axle loads. 
 
(2) The bridge responses used can be bending 
moment as obtained from strain gauges, and 
displacement as obtained from  linear 
transducers. 
 
(3) Accurate results of identified force can be 
obtained with no noise added to the generated 
input data. 
 
(4) Filtering scheme is required to smooth the 
polluted data in order to obtain acceptable 
results. 
 
(5) Identification using bending moment will give 
better result as compared with that using 
displacement. 
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